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Abstract. In this paper we prove that the Hankel multipliers of Laplace transform type on 
(0, oo) n are of weak type (1, 1). Also we analyze L p -boundedness properties for the imaginary 
powers of Bessel operator on (0, oo) 71 . 



1. Introduction 
We consider the Hankel transformation on (0,oo) ra defined by 



lAi,...,A. 



.(/)(*) 



(0,oo)« j=1 



3 = 1 



where Xj > —1/2, j — 1, . . . ,n. Here J„ denotes the Bessel function of the first kind and or- 

der v. h Xl ,...,\ n maps ^((O.oo)™, J[xf 3 dx) into L°°((0,oo) n , J[ x] 3 dx) (= L°°((0, oo) n , dx)) 

3=1 3=1 

and it can be extended as an isometry to L 2 ((0,oo)™, Yi x j 3 dx) being A = ftxi,...,A„ on 

3=1 

L 2 ((0,oo)", (see (3]). 

3=1 

If to G L°°((0, oo)", dx) the multiplier operator T™ A associated with the Hankel transfor- 
mation h\ 1 x n is defined by 

n 

^,...,A„(/) = ^ 1 ,...,A n (m/ lAl ,..., A „(/)), /ei 2 ((0,oo)",n^f 3 ^)- 

3=1 

™ 2A 

It is clear that Tj^ A is bounded from L ((0, oo) n , J| x - J <ix) into itself. L p -boundedness 

3=1 

properties for Hankel multipliers have been studied in pQ, [2], [5J, [7], [5], [5], [TU], [TBJ and |2"T] , 
amongst others. 

In this paper, following the ideas presented in [5] and in |17| we study Hankel multiplier 
operator when m is of Laplace transform type. For every A > —1/2 we denote by A\ x the 
Bessel operator 



Aw = -. 



„-2A " / J2\ 



dx V da; 



d 2 2A d 

dx 2 a; dx 



and if Aj > — 1/2, j = 1, . . . , n, we write 



A All ... ]An — / l^Xj.Xj- 
3 = 1 



Since 



(*I/)- A+1/a J A _ 1/2 (atf)l = y 2 (xy)- A+1 / 2 J x _ 1/2 (xy), x,y € (0,oo) 



(see HH (5.3.7), p. 103]), it follows that, for each a; = (xi, . . . , a;„), y = (j/i , . . . , y„) € (0, oo) r 
(1) A Al ,..., A „ 



n^'fi) Ai+ ^A 3 -i(^3%) 

3=1 



E^ 2 H'-'v/, : A 'A 

v3=l / 3=1 
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According to ([TJ we say that m is of Laplace transform type when 

(2) ™(y) = E^ 2 / e i=1 ' W)dt, ye(0,oo) n , 

for a certain G L°°(0,oo) ([13 p. 121]). 

Our main result is the following. 
Theorem 1.1. Le£ Aj > —1/2, j = l,...,n. Assume that m is of Laplace transform type. 

™ 2A 

Then, the Hankel multiplier T™ A is bounded from L p ((0, oo) n , JJ info itself, for 

1 j • • • j n J 

3 = 1 



euer?/ 1 < p < oo, and from L 1 ((0 , oo) n , Yl x j 3 dx) into i 1,oo ((0, oo)", JJ a;- 

j=i 3=1 



This theorem will be proved in Section 2. It can be seen as an extension to higher dimension 
of [TJ Theorem 1.2]. However, in order to prove Theorem |1.1| we use a different procedure than 
the one employed in the proof of [TJ Theorem 1.2]. In [TJ Calderon-Zygmund theory for singular 
integral operators is applied. Here, we represent the multiplier operator T™ A as a principal 
value integral operator when it acts on the space C£°((0, oo)™) of the C°° functions with compact 
support in (0, oo)' 1 (see Proposition 2.1). Then, after proving L p -boundedness properties for the 
maximal operator associated with the principal value integral operator (see Proposition 2.2), we 

™ 2A 

extend the Hankel multiplier T A " A to L p ((0, oo)™, JJ Xj 3 dx), 1 < p < oo, as a principal value 

3=1 

™ 2A 

integral operator that is bounded from L p ((0, oo)™, JJ x ■ J da;) into itself, when 1 < p < oo, and 

3=1 

from ^((Ojoo)", II x \ dx ) into £ 1,oo ((0, oo)™, []s (ia;) (see Proposition 2.3). To establish 

j=i j=i 
these properties we split the region (0, oo)™ x (0, oo)" in two parts. The set 

ft = {(x,y) G (0,oo)™ x (0,oo)™ : Xj/2 < ^ < 2x h j = l,...,n} 

is called the local region. In f2 the kernel K% A that defines the Hankel multiplier T™ A ^ 

n 

differs from ]^[ (xjUj)~ Xj K m , where is the kernel associated with the Fourier multipliers 

i=l 

T m defined by 

T m f={mfy, feL 2 (R,dx), 

™ 2A 

by a kernel defining a bounded operator in L p ((0, oo)™, JJ a; J cfa;), for every 1 < p < oo. Here 

i=i 

as usual, by / we denote the Fourier transform of / and by g the inverse Fourier transform of g. 
On (0, oo)™ x (0, oo)")\f2, called global region, the kernel A | defines a positive bounded 

™ 2A ™ 2A 

operator from L p ((0, oo)™, JJ x - J c?x) into itself, when 1 < p < oo, and from L 1 ((0, oo)™, JJ a; J cfa;) 

J=i i=i 

n „, 

into L 1 ^ oo ((0,oo)™, IJ^ 

3=1 

The semigroup {W t " ,A ™}t>o generated by — a„ i s defined as follows 

P n n 

W t Xl '-' X "(f)(x)= / Hw^ix^y^f^Hy^dy, x = (x u . . . , x n ) € (0, oo)", 
where 

(3) W t \x,y) = {xy) ~™' 2 ' h-x,2 (f ) e-^+v")^, t, z, y G (0, oo), A > -1/2, 

and /„ denotes the modified Bessel function of the first kind and order v ( |22[ p. 395]). This semi- 
group {W t "}t>o is a symmetric diffusion semigroup in the sense of Stein ( |17l p. 65]). More- 
over, the Hankel multiplier T™ A is actually an spectral multiplier associated with Aj^,...^,,- 



3=1 3=1 
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Then, by [T71 Corollary 3, p. 121] T™ . >A i is bounded from LP((0,oo) n , ]J x j dx) into itself, 

i=i 

for every 1 < p < oo. In Theorem |1.1| we prove as a new result that T™ A defines a bounded 

n 2A " 2A 

operator from L 1 ((0, c») n , Yi x i 3 dx) into L 1,oo ((0, oo) ra , f| x Moreover, in Proposition 

3 = 1 3 = 1 

2.3 we establish a representation of the operator Tj^ A as a principal value integral operator 

in ^((0,00)", ]\xf 3 dx), 1 <p < 00 . 
3=1 

As an application of Theorem |1.1| we can show L p -boundedness properties for the imaginary 
powers of the Bessel operator ,a„< We define, for every /3 G K, the function 

Mt) = f Wy te(0,oo). 

We have that 

i/3 

i=i " u \3=i 
For every /3 <E E, the i/3-power A A ^j A of A^ ^ n is defined by 

_ rpm.fi 
"Ai.—jAb — J Ai,...,A„- 

From Theorem |1.1 1 we deduce the following. 

. o ™ 2A ■ 

Corollary 1.1. Let j3 £ M. Then, the operator A A ^ A is bounded from L p ((0, 00)™ , J| a;- J (ia;) 

™ 2A ™ 2A 

into itself, for every 1 < p < oo, and from L 1 ((0, 00)™, J} at • 3 cfa;) into L 1 ' 00 ^, 00)™, []s J da;). 

3=1 i=i 

The next properties of the modified Bessel function /„, ^ > —1, that can be found in |11[ 
Chapter 5], are very useful in the sequel: 

( 4 ) *-"!»{*) ~ ^tt) ' asz ^ 0+ ; 



n ^,00 _ t y 2 I n \ 

(y) = Y,y 2 3] a e i=l 'M*)te= > y = (yi>---,yn)e(o,oo) n and/?eK. 



(E(-i) fc [-^](^r fc + (^)): 



(5) /*(*) = ^ I N +^( — ))• " t I "■ ; t ( 0. x ). 

where [1/, 0] = 1 and 

(4z/ 2 - l){Av 2 - 3 2 ) . . . (4i/ 2 - (2fe - l) 2 ) 



All = : : , fc=l,2, . 

' J 2 2fe r(fc + i) 



and 

(6) ^(z-"I v (z))=z- v I u+1 {z), z £ (0,oo). 

Also, we will use the following properties of the Bessel function J v , v > —1, (see |lll pages 
110 and 123]): 

(7) z ~" Mz) ~ 2«r(l + iy asz ^ 0+; 



(S, j i/W = yX^ cos ^_^[_|) + oQ^ ) ze ( ,oo); 

and 

(9) -^(z-"J v (z)) = -z~ v J v+l {z), ze(0,oo). 

The heat kernel associated with the Bessel operator -Aa iX can be written in terms of Bessel 
functions by ([22, p. 395]) 
(10) 

poo 

W t x (x,y) = / e' tz2 {zx)- x+1 / 2 J x _ l/2 (zx)(zy)- x+1 ' 2 J x _ 1/2 {zy)z 2X dz, t, x, y £ (0, 00). 
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The n-dimensional Hankel transform on function and distribution spaces has been studied by 
Molina and Trione ([12 ). A formula connecting Hankel transform and Bessel operators that we 
will use is the following 

(11) h Xl ,..„x n (A Xu ..„ x J)(x) = M ! V,...,A»(/)(aO, x G (0,00)" and / G C^°((0,oo) n ). 
Also the Plancherel type equality 

« n „ n 

(12) / hx u ...,xM)(x)hx u ...,x n (9)^)T[xf i dx= / f{x)g{x)T\xf i dx, 

•/(0,oo)» j = 1 J(0,oo)" j=1 

™ 2A 

holds for every /, g G L 2 ((0,oo) r \ n ^cte) (see [3j Lemma 2.7]). 

3=1 

Throughout this paper we will always denote by C a suitable positive constant that can 
change from one line to the other one. Also, we will use repeatedly without saying it that, for 
every k 6 N, sup z k e~ z < oo. 

z>0 

2. Proof of Theorem 11.11 
In order to prove Theorem |1.1| we need to establish a pointwise integral representation for the 



multiplier operator T™ x as a principal value integral operator (see Proposition 2.1 below). 
In the sequel we assume that 



n poo i V x 2 

(x) = Vx|/ e 3=1 3 cj)(t)dt, xe(0,oo) r 
„•— 1 •'o 



3=1 

where G L°°((0, oo) n ). 

Firstly we prove the following result. 
Lemma 2.1. Let X 3 > -1/2, j = l,...,n. Assume that f G C£°((0, oo)"). TTien, 

/•oo / " -tf> 2 \ 

7a™...,a„ (/)(*) = /_ ^(*)^ 1> .-,A„ j E^ e J " ' hx u ..,xM)(y) J (*)*> a.e. l£ (0,oo) r 



Proof. Let g G C£°((0, oo)™). By using Plancherel equality (12) we get 

„ n 
/ /r Xn {f){x)g{x)J{xf ,/r 

JlUool™ i 



'(0,oo)- J = 1 



" poo -tJ2v- 

/ E^i / e ^ 3 ^{t)dt h Xl _ Xn {f){y)h Xl _ Xn {g){y)\{yf^dy 

J(0,oo)™ J = 1 JO j=1 

f°° r n —t e y 2 n 

/ / E# a ;/K//;/ iA: a. dyd*. 

JO J(0,oo)™ „•_-, 



The interchange of the order of integration is justify because we can write 

P n POO _f y 2 n 

/ E^/ l^)l e ^ li M\h*u...^f)(v)\\hxu...,^(9)(v)\nv? i dV 

J(0,oo)" J = 1 JO J = 1 

,> n 
<C / |^A 1 ,...,A B (/)(y)| |^ ll ...,A n (fl)(tf)ini'f ,d f 

<C||/ l A 1 ,...,A„(/)H i2((0 iDo) „ - ^ 3dx) \\ h ^..;X n (9)\\ L2moo)ni ft W J(fa) 

3=1 1 3=1 J 

=C||/II » ax. Ilflll « ax < OO, 

L 2 ((0,oo)™, EI x. 3 dx) " H L 2 ((0,oo)", EI 3 <&) 
3=1 3=1 

where we have used that h\ 1 \ is an isometry in £ 2 ((0, oo) n , J| x- 1 dx) . 

3=1 



HANKEL MULTIPLIERS OF LAPLACE TRANSFORM TYPE 



5 



Then, by using again (12), we obtain 



~ n 

/ IT a;/;:^^Ha 

.7(0,00)" fj[ 

f°° f I n -tjtv 2 \ 

= J m J /'a a. \ Yin- - 1 3 h Xl ,..., K (f)(y)\ ;.'•;//;.'• ;]{,-; A dxdt. 



V J=1 / 3=1 



According to ^ and Q, for each < r < n, 

pl/xi pl/x r poo poo n 

/ ■■•/ / ■■■/ infew)~ Ai+1 ^ J A*-VaOw)l 

JO JO Jl/Xr+X Jl/x„ 

x'Evje ^ 3 h.v x '• ./ •' ' : .'/ : </// 



n ^. n -tVi/ 2 r " 

C II 'V' / ''A: *„(/)(!/) H//; A J] ,/ A <///• xe(0,Oo)". 

j=r+l J(0,oo)™ j=1 J = l j= r +l 



Then, since \y\ h\ ± ,.,\ n (f) is bounded on (0, oo)™, for every I <E N, and g € C£°((0, oo) n ), we 
get, for every < r < n, 

poo p pl/xi pl/x r poo poo n 

/ 1^)1/ / •••/ / ■■•/ \W x mr Xl+l/2 J^-^Vi)\ 

JO J(0,oo)™ JO JO Jl/x r+1 Jl/x n j =1 

n -tf^y 2 n " 

»? \h Xl _ Xn (!)(v)\\{vf 3 dy\g(x)\\[xf^dxdt 

/ E^ e ^ ' l^ ll ...,A n (/)(tf)||ff(«)| 

,0,oo) n J(0,oo) n j =1 

r n r n 

- ll'/f II »J ll-'f II 'j'dydxdt 



„ r n 

<C / JJ <f II ,•; dx 

J(0,oo)" J = 1 J=r+ i 

r ( r°° " -titv 2 \ r n 

x / / E^ e 3=1 3 * ; 'a U/Xv) H//f J] ^ 



<c \ f \g(x)\f[x 2 ^ f[ x^dx) If \h Xl ,..., Xn (f)(y)\f[v 2 j Xi fl v} ld v) <°°- 
yj(o,oo)- J=1 j=r+1 y yj(o,oo)™ j=1 j=r+1 y 

Note that these estimates also show that the function 

poo In -tf^y 2 \ 

G[x) = ^ <t>(t)h Xl ,... lXn ( $>f e 3 => ' h Xu ..., Xn (f)(y)\ (*)dt, xe (0,oo) B , 

is in L[ oc ((0,oo)«). 
We conclude that 

„ n 

/ /X' A.i/^r^.riUrf ,/.,• 

JfO.ooV jj{ 

r°° ( n -t E s/ 2 \ ] " 

^ 0(*)fcA 1> ...,A„ E^ e J " 3 /l A 1 ,...,A„(/)(y) (a:)dt f JJaf J di. 



'(0,oo)" JO 



J =1 / ) 3 = 1 
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Thus, the proof of this Lemma finishes because 7^ An (/) € £ 2 ((0,oo)™, ]\xf ] dx) C L^ oc ((0, oo) n ). 

3=1 

□ 

We now establish a crucial result in order to prove Theorem |1.1| 
Proposition 2.1. Let Xj > -1/2, j = 1, . . . , n. Assume that f G C£°((0, oo) n ). T/ien 

rl"....,A„(/)(^) = - lim (a( e )/(o ! )+ / f(y)Ki i _ x Jx,y)f[y 2 ^dy) , a.e. x€(0,oc) n , 

wftere 

/•oo a « 

K xJ x >y)= </>(t)Tr + T[W t yfayfidb, x,y£ (0,oo) n , x ^ y, 
Jo <« J=1 

and a is a bounded function on (0, oo). Moreover, if there exists the limit <j)(Q + ) = lim (f>(t) ; 

t->0+ 

then 

7T....,a„ (/)(*) = C0(O+)/(x)- lim I / f{y)Kl Xn (x, y) f[ yf >dy I , a.e. x € (0,0c)", 

e->0+ W(0,oo)», |»-x|>e ' / = i y 

&emg C a positive constant. 

Proof. Assume that n > 2. When n = 1 we can proceed in a similar way. By Lemma |2.1| and 



(11 1 we can write, for a.e. x £ (0, oo)' 



(13) 



1 Ai,...,A r 



(/)(aO - / ^(t)^!,..,^ e /'a. a. (A A] a fny- (x)dt. 



Fix x € (0, oo) n such that (13 1 holds. According to ^ and (JsJ> , for each < r, s < n, it follows 
that. 



/ ■••/ / ■■•/ II \{x ] y ] r X > +1,2 Jx ] -i/2{x 3 y 3 ) 

JO JO Jl/i r+ , Jl/x„ „•_ -, 1 



Jl/X r+ 1 J 1 / X nj = l 

1/3/1 r^-lys z* 00 z* 00 n 



'0 Jl/j/ 8+ i 
2A, 



n (%^)~ A3+i/2 ^-i/ 2 (%^) 

j = l 



iAA 1 ,...,A„/win z f jrfz ii^ Aj ^ 



j=r+l 



3 = 1 3 = 1 

2 n 



(0,oo)" 



n y^Wvf 1 n ^ 

3=r+l j=l j=s+l 



« s n 

/ iA Al ,..., An /( Z )in^ n ^*<«>. *>°- 

■Ao.oo)™ j=l 3=s + l 



Then, by interchanging the order of integration and by using (10 I, we get 



h\u..,K (^ d=1 /'a a. ;A A: A./H//iJ (x) 

[' n /"OO 

= / A a A . /■::.: II / (x jVj )- X ^/ 2 J Xj - 1/2 (x jVj ) 

J(0,ac) n 7-1 Jo 



3=1' 



x (y j z j )- x '+ 1 / 2 J Xj - 1/2 (v j z j )y?«dv j J[ zf'dz 



3 = 1 



(14) 



. n n 

= ^■■■,xJ^)T\W t Xj (x j ,z j )T\z 2 j Xi dz, t>0, 
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where, for every a > —1/2, Wf(u,v), t,u,v G (0,oo), is defined in 

We choose a > 1 such that supp f C if™, where if = [1/a, a]. If a > —1/2, by Q, Q and 
(roj, we obtain, for every b > 0, 



x-a-l/2 



1 



/UU\-"+l/2 / W \ u 2 + „2 j-a-l/2 

2 2 «r(a + l/2) ~ (2i) Q +V2 \2t ) a ~ 1/2 \ 2t ) 6 " ~ 2 2a T(a + 1/2) 



1 

< P « 

- (2t)o+i/a 

r a-l/2 



2 2a r(a + 1/2) 



2*/ 



e " «" — 1 



a-1/2 I — I — 



1 



2i / 2«- 1 /2r( Q; + 1/2) 



< 



dz 



(V Q+1 / 2 4_ 1/2 (*)) 



<C 



(to) 2 w 2 + v 2 



£a+5/2 
1 



<C — — — , t > 1. < u < b, and v G K. 

— fa+3/2 ' — ' 



c 



u 2 + v 2 

fa+3/2 



Then, by using again Q and |5|, it follows that 



t j= 



■£(\f+l/2) 



J'=l 



(15) 



n^r(A,- + i/2) 



L.l = l22A 3T (A i + l/2) 
1 



^-(A ! + l/2) 



2^r(A i + l/2)l.l +:| 



E(A,+l/2)+l 

# =1 



, f > 1 and y G iT\ 



On the other hand, by ^ and (11 1 we have 



n n 

/ Ax u ...,xJ(z) J] *f = II 2 A ^ 1/2 r(A, + 1/2) 

•/(0,oo)» J=1 J = 1 

x lim / a Ai ,..., Ab /(«) n(%%-)" Aj+i/2j A,-i/2(%%-) n *f ^ 



(16) 



= [] 2^- 1 / 2 r(A, + 1/2) lim J2y* h ^-,xM)(y) = o. 



According to (13 1, (14 1, and (|16| (suggested by ( 15 1 ) , we can write 



(/)(*)= / #*) / A Al ,..., A „/(z) 

JO J(0 : oo)" 



-x;(a.,+i/2)\ 

X(l,oo)W* J = 1 



II 2 2 ^T(A, + 1/2) 



2=1 



J 



(17) 
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The last integral is absolutely convergent. Indeed, in order to do this we split the integral in the 
following way 



\m / |a Ai> ..., a „/(2) 

J(0,oo)™ 



-E(A,+l/2) 

n^>^)- X( r )(t)t - — 

n 2^1^ + 1/2) 



J^J z 2 3 dzdt 



<C 



=h{x) + I 2 {x). 



(0,oo)" 



|Aa 1 ,...,x b /(«)| 



-E(A/+l/2) 

n^(^^)- X(i n°° )(t)t " — 

112^1^ + 1/2) 



Since by using the inversion formula for Hankel transform and ( 10 I we get 



W?(u,z)z' ia dz=l, ue(0,oo), 



when a > —1/2, it follows that 



h{x) < C 



nn n 
iA All ..., An /(^i n wp^zj) n *f ^ < c 



Also, by (151 we obtain 
I 2 {x) <C 



poo AC n 

/ —n -/ \A Xu ...^J( Z )\T[z 2 ^dzdt<C. 



By (17) we have 



Tx u ...,A„ (/)(*) = / #t) 



/ 



(0, oo) n 
|z — as J > e 



A Xi ,...,a„/(z) 



(18) 



-£(A 3 +l/2)\ 
X(l,oo)(*)* J = 1 



J=i r]2 2 ^r(A J + i/2) 



,;=i 



/ 



J^J z^ 3 dzdt. 
i=i 



Assume that e is small enough, for instance, < e < Xi/2, i = 1, ...,n. We now analyze the 
integral 



F(x,t) 



( 



\z — x\ > £ 



Aa 1)Zi /W 



-E(A 3 +l/2)\ 
X(l,oc)(*)* 5-1 



'J / n 

n2^r(A i + i/2) 



JJz^'dz, t > 0. 



The study of the integral involving A A . jZj , j = 2, . . . , n, can be made in a similar way. We write 
V = {V2, ■ ■ ■ , Un) when y = (y u j/ 2 , • • . , y n ) € (0, oo) n . We can write 

/ 

n2 2 ^r(A, + i/2) 

3=1 



r(i,t) 



\z-x\>e JO 



-£(A 3 +l/2) 
-A* f r z ^ X(l,oo)(*)* 3 " 



V 



/ 



aii — \J e 2 — \z— x\ 2 



\z— x\<e WO J xi + -\J e 2 — \z— x\ 

fn -E(A, + l/2)\ 

n^^,^)- ^^ - — 

n^r(A,+i/2) 



^zj(z) 



/ 



(19) =r i (x,t)+II(x,t), t>0. 
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By partial integration we obtain 
( n 



, . -E(A 3 + l/2)\ 
X(l,oo)(*)* 3 = 1 



Y[w t x Hx JlZj ) 

n^r(A J + i/2) 



z 2 1 Xl dz l 



3=1 



/ 



/ 



-E(A 3 + l/2)\ 
X(l,oo){t)t 3 = 1 



Hw t X3 (x JlZj ) 

n^r(A J + i/2) 

3=1 



/ 



v3=i 



/•DO n 

/ /(«)Ax llXl Wf 1 (ii,« 1 )TT^(!tj.«:)2f I 'fei 

= / /(^Aa,,^^ 1 ^!,^)]!^^-,^)^ 1 ^!, t > and I e K n -\ 

Differentiating in (TTob , by using ((9) and [TTJ (5.3.6), p. 103], we get -A a!ll W t Q (u, i>) = ^W t Q (u, w), 
it, u, i > 0, a > —1/2, and it follows that 

/ -E(A J +l/2)\ „ 

r A 4/ „ N X(l,oo)(*)* 3 



I\{x,t) = 



\z—x\>e JO 



Aa 1iZi /W 



n w' 3 ( Xj >Zj )~ — 

n2 2 ^r(A, + i/2) 

3=1 



3=1 



(20) 

In a similar way we obtain 



J\SS\> B Jo , = 2 , = 1 



i-a;i--y/e 2 -|z-a;| 2 


r ) 


/„ 





Aa^/W 



, . -E(>i+i/2)\ 
X(i,oo)W* 3=1 



n 2^(^ + 1/2) 



z\ Xl dzi 



3=1 



/ 



1 — y/e 2 — \z — x\ 2 pOO 

xi+y/e 2 — \z — x\ 2 



)f(z)A XuZl W t Xl (x 1 ,z 1 )l[W t Xs (x j ,z j )z 2 1 Xl dz 1 

3=2 

- Lffi (x, xi — \J e 1 — |z — x| 2 , z, i) - i?i (x, cci + v^£ 2 - \z — x| 2 , z, t)\ 

+ H2(x, xi — \J e 2 — \z — x| 2 , z, t) — H2(x, x\ + \J e 2 — \z — x| 2 , z, t), \x — z\ < e and t > 0. 
where 

/ 

n 

3=i n 22AjT ( A 3 + i /2) 



H 1 (x,z,t) = z 2 1 x -~f(z) 



-E(a 3 +i/2)\ 



V 



t > and z £ (0, oo) n , 



3 = 1 



and 



H 2 (x, z, t) = z 2Al A | FJ W X > (x^Zj) ] /(«), t > and z £ (0, oo) n . 



We have, by fl20|, that 
If(x,t) + 
(21) 



|z— 2|<e W0 



+^ 2 -l«- 2 l 2 



/(z)A Al , 21 ^ t Ai (xi, *o n ^ (^3^3) n 



2A 



3=2 



3 = 1 



r ft n ™ 

./|*-*|> E 7=2 7=1 
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Moreover, according to Q, (|5j, and Q it follows that, if K is a compact subset of (0, oo) 
every z± € K, 



V 2t ) 



X\Z\ \ -Ai+l/2 



Ai-1/2 



V 2i / 



-(s?+2f)/4t 



(2t)A 1 +l/2 



Xi \ — Ai+1/2 

2t 



Ai + l/2 



XlZl 

2t 



Z\ ( X\Z\ \ -Ai + 1/2 

2i 

1 



(22) 



<C 



tXi+3/2 



t > 1 



-( Xl - Zl ) 2 /st < i < 1. 



Then, since / g C^°((0, oo) n ), by using main value theorem, Q, (15) and (22 1 imply that 



|i?i(x, xi — -\/e 2 — |z — x\ 2 , z,t) — Hi(x,xi + \/ e 2 — \z — x\ 2 , z, t) | 

<\{xi- ^e 2 -\z-x\ 2 ) 2 ^ (Jj-f) {x\ ~ v/e 2 -|z-x| 2 , 2) 

- {x x + ^e 2 -\z-x\ 2 ) 2 ^ (J-fj ( Xl + ^e 2 -\z-x\ 2 , z)\ 



*dz\ 

^ ^ + ^ 2 -i^-^i 2 ) n w t Xj fe» ^) - X( »°° ) J 1 — 

j=2 J] 2 2A 'T(Aj + 1/2) 



(a* - v/e 2 -|z-5| 2 ) 2Al (A/^ ( Xl _ 



(23) <C- 



W Al (n , x x - ^-Iz-xl 2 ) - W t Xl ( Xl ,xi + y/e 2 -\z-x\ 2 ) | [] W? (ay , 

J=2 

f>Uef" _1 and \z-x\<e. 



E(A 3 + l/2) + l 

# =1 



Also, from (p| and (22) we deduce 



(24) 



|-ffi(x, xi— \J e 1 — \z — x\ 2 , z, t) — Hi{x,xi + \J e 2 — \z — x\ 2 , z,t)\ 

; (xi(xi + Ve 2 - \z-x\ 2 ))- Xl 



<C{ ^e 2 -\z~x\< 



( Xl - ^e 2 -\z-x\ 2 ) 2X > (A/) ( Xl - ^e 2 -\z-x\ 2 , z) 
' W^^z^dzAjlW^ix^Zj) 



-y/e 2 -\z-x\ 2 



dzi 



<c 



xi + ^/e 2 -\z-x\ 2 -\ Xl - Zl \ 2 /8t 



V* Jxi—s/, 



/e 2 ~\z-x\ 2 



t 



-dz\ 



1 

x Yl — e"^-^) 2 / 4 *, < t < 1, ze X"- 1 and 
j=2 V i 



z — x\ < e. 
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By ( 23 ) , we can write 



J i W)\ 

(25) 

<Ce 



n 

\Hi(x, x\ — \Je 2 — \z — x\ 2 , z, t) — Hi(x, x\ + \Je 2 — \z — x\ 2 , z, t) | JJ^ Zj 3 dzdt 

3=2 



n 

— TT zpdzdt — -> 0. e -> 0+. 

1 J\z-x\<e £(A 3 +l/2) + l ,f = 2 

By (24) and by using [2U| Lemma 1.1], when n > 2 it follows 

r 1 r " 

/ |<K*)I / X! - Ve 2 - |z - x\ 2 ,z, t) - H^x, x x + Ve 2 - \z - x\ 2 ,z, t)\ [] zf- 

JO JzeK™- 1 , |z-x|<e j =2 

<c(e 

(26) 
<c(e 



dzdt 



-\z-X\ 2 /4:t 



lo JzGK™- 1 , \z-x\<e tn l 2 

dz 



l\z-x\<e \ z ~ X \ U 2 l\z-x\<e \ z ~ x \ n 1 



-dzdt 



dz 



x 1 + ^/e 2 -\z-x\ 2 -\z-x\ 2 /8t 



JO JzeK~-\ \z^x\<e Jx 1 -y/e 2 -\z-x\ 2 t( n+1 )/ 2 

• 0, as e ^ 0+. 



i=2 
dzdt 



For n = 2 we can proceed analogously. 

We now write, for each t > 0, z g K n ~ l and |jj — x| < e, 



|i? 2 (a;, xi — ^/e 2 — |z — x| 2 , z, t) — H 2 {x 1 x\ + \J e 2 — \z — x| 2 , z, t)\ 
<\( Xl - ^e 2 ~\z-x\ 2 ) 2X \f{x l - y/(?-\z-x\*,z) - ( Xl + y/e^-\z-x\ 2 ) 2Xl f( Xl + y/^W- 
a . , JL , 

( X j , Zj ) 



- d 2 ,z) 



^-^ t Ai (x l5 X! + ^ 2 -i^--xi 2 ) I n w t 3 (s 

+ |(a: x - V^ 2 - |5- a;| 2 ) 2Al /(^i - - \z- x\ 2 ,z)\ 

x ^^ t Al (ari.xi - ^e 2 -\~z~x\ 2 ) ~ -^-W^ (xi, zi + ^e 2 - |z - x| 2 )| f[ W Aj fo, z,). 

By ( 22 ) , mean value theorem leads to 
(x 1 -^e 2 ~\z~x\ 2 ) 2X 'f(x 1 - y/e 2 -\z-x\ 2 , z) - ( Xl + ^e 2 ~\z~x\ 2 f^f(x 1 + e 2 - |z - x\ 2 , z) | 

^ n 



r) I " 

— ( Xl , Xl + Ve 2 -\z~x\ 2 ) | J] (ay, *,) 

1 3=2 



(27) 



^^ITs/a II 7a~+T72' t>l,z€ K n ~ l and |z- 5| < e. 

3=2 



On the other hand, by ^ we get 



fxi\ 2 [/a;iZi\- A i- 1 /2 /xizi\ 



/xizi\ 2 /xiZi\- a i- 3 / 2 /^izi\ z 2 /a;iZi\- A i 

+ V2T) V^rJ /Al+3 / 2 VW) - 2t V2T) 

1 fX 1 Z 1 \- X l + 1 / 2 f 



V 2* 

-Ai-l/2 



^Ai+1/2 



V 2t 



' X\Z\ 

Kilt 



zi 
2t 



x\z\ tX\Z\ \ -Al-l/2 



4t 2 V 2* 



/IElZl\ Zl / 



XiZi \ -Ai+1/2 



/!Bi«i 

^-1/2 y~2j~ 



, t, z%> 0. 
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Then, Q implies that 

d 2 



W t Xl (x 1 ,z 1 ) 



< C- 



fAi+l/2 
2 *? 



Hence, it obtains 

\( Xl -Ve 2 -\z-x\ 2 ) 2X if(xi - ^£ 2 -\z-x\ 2 ,z 
x JLw^ixuXi - Ve 2 - |2 - z| 2 ) - ± 

OZ\ OZ\ 



1 zi ( x\z\ z\ 



< 



C 



t t\ t 2 t J J - t x ^/ 2 ' 



t > 1, Zi G if. 



' } ^ Al (x l7 X! - V^-lz-xl 2 ) - ^-W Xi (x 1 ,x x + ^/e 2 -\z~x\ 2 )\f[W t X] (x J ,z J ) 



3=2 



(28) 



£ " 1 

3=2 



From (27J and (|28| we deduce that 

1^)1 



1 

(29) 



|iJ 2 (a;,a;i — V 1 £ 2 ~ \z — x\ 2 ,z,t) — H 2 (x,xi + y 1 £ 2 — \z — a;| 2 ,z,t)| z 2X] dzdt 



1 JzgK"- 1 , |z-2|<e £ (A J +l/2) + l . » 



1 ™ 

JJ^ 2^. J dzdi — > 0, as e — » + . 



By (|J and (|22j) it has, 



Kxx-Ve 2 - |5 - x| 2 ) 2Al /(^i - Ve 2 -|z-z| 2 > 2) " («i + Ve 2 - |z-5| 2 ) 2Al /(xi + v^ 2 - |z-z| 2 ,z)| 
x — w. Ai r^ n i, 4- Jf 2 - \ z~ ^ml TT w x ' 



-W^(x 1 ,x 1 + ^£ 2 -\z-x\ 2 ) I n W t , ) 

3=2 



1 



i(«+l)/2 



no- 

3=2 



1 



r e « , < t < 1, zeT 1 and |z - x| < e 



'i(n+X)/2 

Then [20, Lemma 1.1] allows us to get 



/ \{X1- ^£ 2 -\-Z-x\ 2 ) 2X ^{x 1 - ^£ 2 -\z- X \ 2 ,z) 

II «/|£-*|<e 



- (an + Ve 2 -|f-i| 2 ) 2Al /(a:i + ^ £ 2 - \z - x\ 2 , z)\ ^-W t ^(x 1) x 1 + ^£ 2 -\z-x\ 2 ) 



x JJ 0j) zpdzdt 

3=2 3=2 

f rl e -s 2 /8t 

^ Ge / , / i^TI)72- d<rfz " 

< Ce — ► 0, as £ -> 0+. 
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Also, we write, for each < t < 1, z £ K n 1 and \z — x\ < e, 



dzi 



J =2 



(( Xl - y/e*-\z -x| 2 ) 2Al /(^i - V^-lz-iP.z)-^ 1 /^)) ^Wi Xl (a:i,a;i - v^^l 



dz 

_d_ 
dz\ 



W^{x uXl + 



By (22) we have 



dz\ 



e -{x x -ziY /8t 

<C , 0<i<l, 2i GK 



By proceeding as above we obtain, 



/ | - ^ 2 - \* ~ ^l 2 ) 2Al /(^i ~ V? 2 x\\z) - xf-f{x)\ 

ii JzGK™- 1 , \x~z\<e 



11^ <•'>-.,• H 

J=2 3=1 



<Ce 

IzGKi- 1 , \x-z\<e Jo 

<Ce — ► 0, as £ -> 



1 e- £2 / 8t 
t(n+t)/2 



dtdz 



From the above estimates we conclude that 



/ 4>{t) / A XuZl f(z)(l[w^( Xj ,z 3 ) 



lim 

e->0+ 



0(t) 

I) J\x-z\>e 



-E(A 3 +l/2) n 

j=i — )nz?>dzdt 

n2 2A ,T(A, + l/2) ' i=x 

3=1 



r\ Tl Tl 

f( Z ) - {w^ { Xl , Zi )) n ( Xj , Zj ) n *f > 



i=2 



+ f{ X ) X \^ m / ^(^.^n^ 



lim 

S-)-0 + 



0(*) 



/(z) i {w^ (x u n ^ ( Xj , Zj )H zpdzdt 



3=2 



+ f(x)xl Xl / 4>{t) / ^^ t Al (in, zx) J] ^ fe>^) II "T idxdt 

JO J\x-z\<e oz l j=2 j=2 

We now denote by Wf(u, u) the classical heat kernel, that is, 



h(u,v) = _^ e H«-*>l 2 /4t HugR t > o. 
2^ 
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According to (pi we get 



_ ^/2^ f d 2 l/xtziy^ 1 / 2 



Xi,Zi) 



[(^p +1/ v./,(^k-'» 

+ (^)" A ' + '^,-.,(^)— '*w, 



§W«fe, 2l )} 



-x lZl /2t /Zl£l\ _Al 

"(2t) A i V 2t / 



(XiZi\ V2 /XiZi^ 



2 r /^l^A 2t /xizi 



^-1/2 ^ 



^l=*l)(t) 

(XiZi\ 1 / 2 (XxZx\ /a:i2i\ 1 /2 



t [V 2i 



z^i-zr 



d 



V 2i 

\1 d 2 ) 



^W t (^i) 



By using ([5]) we obtain for every < t < 1, and zi 6 A', 



'27T /XlZi \ -Ai+1/2 /JiZi\ _ . /9f d 2 , . x o 1 " 

(2tF (ir) 7 *-v» (ir) ^ ixi/2t ^w 4( ,i,z l) - i^r^w^zo 



2 



(30) 



dz\ 



h(xi,zi) 



2n ( x\Z\ \ ~ A i x\ d 



(2ty 



r xizi \ 
i V 2t J 



2t dz 1 



(31) 



< c 



dzi 



h(xi,zx) 



and 



(32) 



(2*) 



Ai 



-Xi Z\ jit 



2t , 



/X 1 Z 1 \ 1 / 2 fXiZ 1 \ 

+ V2f) /Al+1 / 2 VW) 



X\Z\\ 2t 



2( 



X\Z\ \ 1 / 2 



X\Z\ 



\ 2t 



fx lZl \ 



fx 1 z 1 \ 1 / 2 fx 1 z 1 \ 

+ l^rJ h ^ 2 l^rJ 

<CW t (^ )2l ). 



Hence, we get for every < t < 1, and Z\ € K, 



j^W Al (11,21) - (x!Zx)- Al ^W t (x!, Zl ) 



< c- 



-(xi-Zi) 2 /8t 
f ' 
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Then, by involving again |5| and [HI Lemma 1.1] we have that 



J\x-z\<e 



Y[ W t X > (Xj ,Zj)Y[ zf ] dzdt 

3=2 j=2 



<C 
<C 



1 e -\x-z\ 2 /8t n 2A 
. . / t (n+l)/ a 11 *i ^ 



|iB— *|<e l x — z \ 



<Ce — > 0, as e (T 



Also. (|5]) leads to, for every < t < 1, and z G if™, 
5 2 



3 = 1 Zl 3=2 



x II W t ^(x 3 ,z 3 ) 

j=i+l 



< C- 



-\x-z\ 2 /8t 
t"/ 2 ' 



i = 2, . . . , n. 



Then, we have that for every i — 2, . . . , n, 

d 2 



W)i/ fn( 

II J \X-Z\<£ 1 - =1 

71 



3=2 



<c 



<c 



1] W?{x j ,z i )\\[zf i dzdt 

j=i+l 3=2 
1 e -|a:-z| 2 /8t 



\x-z\<e JO 



t n/2 



dz 



\x—z\ <e 



\X — Z\ 



-dtdz 



0, as e -> + , 



provided that n > 2. When n = 2 we proceed in a similar way. 
Hence, we conclude that 



#t) / A Al , z J(z)(n^'(^,^)-^r^ ) II :f 

•Ao,°o)" i=i Il2 2 ^r(A J + 1/2) j=i 



3 = 1 



lim 

£->0 + 



n J|a;— z|>e 



q n n 



3=2 



3 = 1 



/ 0(*) / n^)"* , s? w *^'^ n w «( x i>^ ii z J dzdt 

JO J\x-z\<E j=1 OZ l =2 =2 



On the other hand, the mean value theorem allows us to write, for every a € K, and j 
l,...,n, 



\z?-x?\ 



dz\ 



< C- 



WtixuzjflWtix^Zj) 



3=2 



< C\zj -Xj\- 



-\x-z\ 2 /8t 
tn/2+1 



-\x-z\ 2 /I0t 
t(™+l)/2 • 



t > and z <G if". 
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Then, by proceeding as above we obtain 



m / A Al , 21 /(z)(n^( 

-'(0,oo)» 



-E(A 3 +l/2) 
X(l,oo)(*)* J = 1 



lim 

£->0 + 



3=1 



n2^T(A 3+ l/2) J= i 

3=1 



j^J Zj 3 dzjdt 



/ / /(^-(^(^^i) )n^'(^,^)ii z f 3 ' dzd * 

JO J|a:-z|>£ OT V 7 - =2 =1 



+ /(*) / 0(t) 

I 

0(t) 



32 e -\x-z\ 2 /4t 



lim 

e->0+ 



|«-,|< 8 9z i (2\/vrf)" 

|x— z|>£ 

Q2 e -\y\ 2 /4t 



dzdt 



(33) + /(*)/ cf>(t) 

Jo J\y\<e °^i V-v^t) 

Also, we have that, for every i = 2, . . . , n, 



f(z) - (w t Xl ( Xl , z{)) J] W t Xj (xj , Zj )l[ zf> dzdt 
dydt . 



3=2 



3=1 



•/(O.oo)" V 



-E(Ai + l/2) 
X(l,oo)(*)* 3-1 



3=1 



n2^r(A 3 - + 1/2) j=i 
3=1 



Zj i dzjdt 



(34) =- lim 

e->0+ 



„oo . o 1 ™ 

/ / /W-(^(^,^) IT W^ix^z^Uz^dzdt 

Jo J\ X -z\>e dt\ y XX 



+ /(*) / 0(t) 



^2 e -|y| 2 /4* 

y l <£ 9y? (2v^rt) n 



<iy<ii 



Then, by (|33j and ([34], it follows that 

/>OG 

(35) 7X,..., A „/» = - lim / 0(t) 

e— >0 + 



\x-z\>e Ot VAJ. 



3 = 1 



+ n/(i) / 0(t) 



^2 e -|a| 2 /4t 



^|y|<e %1 (2v^t) n 



We define 



We can write 



i{e) = / <t>(t) 



Q2 e -\y\ 2 /4t 



o(e) = / #t) 



~ rK "' J\ y \<z dyi (2V5rt)' 
\A 2 -lsl 2 32 e -M 2 /4t 



dydt, e > 0. 



^ 4i<s ^-y? 5 ^ d vf (2^)" 
a / e -(^?+i^i 2 >/4* \ 



= m 



\v\<e 



dyi \ (2V^i) n 



dyidydt 

9 ( e -{yl+\v\ 2 )/it\ 



ciydt, e > 0. 



Hence, |20l Lemma 1.1] leads to 



\a(e)\ < C 



J\y\<e 



t(n+l)/2 



dycft < C 



ISl<e J 



1 e~ £ / 8t 

f(™+l)/2 



didy < 



1 



dy < C, e > 0. 



I«l<s 



Suppose now that there exists <fi(0 + ) = lim Then, we have that 

t->0+ 



(36) 



/■! /■ 9 2 e -|y| 2 /4 t 

lim / 6(t) / ^ 

e^o+Jo J\ y \ <e dyi (2v^rt)™ 



dydt = -M0(O+), 
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for a certain M > 0. Indeed, by making changes of variables we obtain 



4>(t) . , _ 

o J\ v \<e dy 2 i (2V?rt) 



e -\y\ 2 /it 

— 2 y — dydt 



1/e 2 



( S£ 2 ) 



(ss 2 ) 



Q2 e -\z\ 2 /4s 



| <X <9z 2 (2-^/775 

9 e-l^l 2 / 4s 



dzds 



l/ e 2 



(se 



\* 

\z\<i dz 1 [2y/¥s) n 
Zl e -l-l 2 /4 



dzds 



- zi=-y/l-\z\ 



= 12 



z1<1 2s (2vM r 



dzds 



J Z i=-Vi-i^i 2 



( S£ 2 ) 



2 p-l/is 



1/e 2 



\z\<i s (2Vtts)' 

e -l/4. 



-dzds 



where 



M = 



v/i - |z| 2 df. 



|z|<l 



Moreover, denoting by X[o,i] the characteristic function of [0, 1], we have that 



1/6 



-l/4s 



(se 



„n/2+l 



ds 



ds, e > 0. 



Then, by using the dominated convergence theorem, it follows that 



lim 

e-s.0+ 



oo e -l/4s 
S«/2 + l 



Hence, there exists M > for which (36) holds. 
Let a > —1/2. According to ([6| it follows that 



(37) 



„. a , . e -(«W)/4t a + l/2/tt«\-«+Va_ / uv \ 

W * («.«) = 2a+ l/2 ( ~ 7^1^ J Wi^J 



TO /UW\- a + 1 / 2 /TO\ It + V fUV\ -a+1/2 



uv /uv\ 
2t Q + 5 / 2 \2t) 



:+l/2 



/TO\ U +V /Utl\- Q + 1 / Z T /„ s 



Then, by Q we obtains 
9 



(38) 

and, by ^ we have 



\ uv 

< C ,_ — < 1, u,«,f6 (0, oo), 



Wi a (u,t;) 



< C- 



-(u-t)) 2 /4t 



\ t UV J 



(39) 



< C- 



-( u -vf/it 

W 2 



(uv)- a (i + u +v V — >1, u,v,te(0,oo). 
V uv / t 



For every f > and z G (0, oo)™, 

t~. n n n ~ 



1=1 j = 1 
3 « 



™ JL A e -(z 2 +2 2 )/4t (■ ^. + 2/2 (x z \ -Ai+i/2 (x z \ 

z2 II wt'^^) 2 A I+ i /2 -iWi^J ^-vHirJ 



t=l 3 = 1 
3 # » 
2 2 

4^ + 7/2 V 2f 



-Ai-1/2 



Xi-l/2 



^2t 
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Hence, by using Q, ([5|, ( [38| , and 39 we get, for every z G if", 



la* 



3=1 



< C 



3=1, j^i 



-E(A 3 '+l/2)+l 



, * > 1 



e Hx-2| 2 /8t£-(n+2)/2 ^ < t < 1. 



Hence, since / G C£°((0, oo)"), it follows that, for every e > 

/ 1^)1/ \f{z)\-mwt i {x j ,z j )\'Y{ z f^dzdt<^ 

Jo J (0,00)1, \x-z\>e Ot\fJ: !i. 



The we can interchange the order of integration on the integrals in ( 35 1 and by using ( 36 ) we 
conclude that 

(0ioor ml m^Xlw^ix^z^dtjizfidz+c^ftx), 

\z- x\ > e 3=1 .7=1 



for a certain C > 0. 



□ 



We now prove the L p -boundedness properties of the maximal operator associated with the 
principal value integral that appears in Proposition |2.1| 



Proposition 2.2. Let Xj > —1/2, j = 1, . . . , n. TTie maximal operator J 1 ™'* ^ defined by 

, x G (0, oo)", 



^;*.., A „(/)(z) = sup 

£>0 



/(tf)<,.„,A n («,»)IIwf ,d » 

(0,oo)», |s-»|>e j=1 



where 



K,.,Xn( x >y)= m^Hw^ix^yjjdt, x,ye(0,ooy 
Jo i= i 



is bounded from L p ((0, oo)", J} iridic) into itself, for every 1 < p < oo, and /rom ^((O, oo)", 

3=1 

Y[xf 3 dx) into L^°°((0,oo)", Y[ Xj 3 dx). 



3 = 1 



3 = 1 



Proof. In order to established the i p -boundedness properties for the maximal operator T™^* x 
we consider the operator 



T ^X u ...,xJf)( x ) = SU P 

£>0 



L(a),|a:- a |>e J=1 



3 = 1 



x e (0,oo)", 



where, for every x = . . . , x n ) G (0, oo)", 

= {?/ = (yi,- ■ ■ ,Vn) G (0,oo)" : < % < 2^, j = 

and 



-\x-y\ z /it 
(47T*)"/ 2 



di, x,y € (0,oo)". 
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We have that 

K'Lk (/)(*) ^ Kt,xSf){x)-Tro?M,...,xSf)W + ^ Al ,..., An (/)(*) 



< sup 

£>0 



f(y)Ki u ...,xS^v)\{vf 3 dy 

(0,oo)™\L{x),\x-y\>e j=1 



+ sup 

e>0 



+ 1 loc,X 1 ,...,X 



L(x),\x-y\>e 
(/)(*) 



/(») ( <,...,a b (^i/) - a //'^•'••^ n»? d » 



< 



l/(tf)ll<,...,A B (^y)IIIff' d » 

(0,oo)«\L(x) j=l 



+ / l/(y)l 

JL(x) 

i rpTTl,* 

+ J ioc, Ai A„ 



(40) 



(/)(*) 

^,.. > Ajl/l)W + ^ 1 ,..,A„(l/l)W+Cc',A 1 ,.. > A n (/)W ) ^€(0,00)". 



We are going to show the L p -boundedness properties for the operator Q% x , £ai,...,A„ an d 

mm,* 
loc,Xi,...,X n ' 

We begin studying the operator T ; ™'* Ai x . For every j = . . . , j„) e Z™, the dyadic cube 
Qj is defined by 

= {V = (Vi,---, Vn) G (0, oo) n : 2* < < 2* +1 , i = 1, . . . ,n}, 
and the cube Qj is given by 

Qj = iv = (yi, • ■ • . y») e (0, 00)" : 2*- 1 < w < 2*+ 2 , » = 1, . . . , n}. 

It is clear that if j eZ", a; g and y g L(x), then y g Qj. We can write 



„ n n 

JL(x),|x-i/|>e {=1 J=1 



dy = 



Oi.k-l/|>e J=1 



™ / \ A, 

yi 



H*{x,y)dy 



(41) 



Jo 



Qj\L(x),\x-y\>e ; = 1 



™ / \ Xi 



# (x, y)dy, a; g Qj, j g Z" and e > 0. 



Let j = (j 1; . . . ,j n ) g Z". It has Qj \ L(a;) = JJ (Qt. U Q7.) where 

Qti = {y = (»i> ■■ - ,!/„)€ (0,oo) n : < y ; < 2* +2 ,i = l,...,n;i ^ i; 2^ < < 2*+ 2 } 
and 

Cfo = {» = (l/i, • ■ • , Wn) G (0, oo) n : V'- 1 < m< 2» +2 ,l = 1, . . . ,n; i ^ i; < Vl < Xl /2} 
for i = 1, . . . , n. 

We have that 



POO 

\H+{x,y)\< W)\ 
Jo 



di [ ¥T 2 



■°° P -\x-vr/st 

dt<C I 77rv~i — dt 



7 

J 



fn/2+1 



(42) 



-l/u 



1 



rf«<C 1 -, z, y g (0, oo)™. 

F - 2/1™ 
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By (42), for every e > 0, we get 



/ f(y)f[(-) H*(x,y)dy 

jQ j \L(x),\x-y\>e £=1 V^i 



< / l/(2/)lII(-) \H*(x,y)\dy 

\ A, 

Vi 



A, 



< 



■it (r '* / \ A i /* / \ ; 



scf/ . ^ * 

*=i M^"* (a-2 + £ - y; ) 2 )"/ 2 

<c± r « x e Qj. 

*=i J Q},iUQi.i (2 2 * + £ (a* - y*) 2 )™ /2 

Then, for each a; € Qj , 
(43) 



sup 

e>0 



o wr , ^)II(-) ^(^2/)^ 

1^ — y\ > £ 



< 



C E 



l/(y)l 



(2^'*+ £ ( Xj _ w )a)n/a 
; = i 



For every i = 1, . . . ,n, we define 



2«+ 2 



fj,i{Vi)= I \f{v)\dViX » . , _j , +2 2/j — (j/ij ■ ■ ■ 7 • • • > 2/n) 6 (0, oo)" 1 . 

J2H- 1 11 I 2 ! < 2 ! 1 



From ( 43 1 it follows that 



sup 

e>0 



/win*) "•■<■'■■•«>•"> 

| a; — y| > £ t— 1 



a, 



n / oo 



^E E 



fjAyi) 



i=l \k=0" 2 k +n < | Si < 2 fc+ 3 , + i v 



fjAVi) 



(Coo)"" 1 (22ji + |^. _ yJ2W2 



n / oo 



|y i -x i |<23i 



fjAyi) d Vi 



n 



Xj ) 1 ^ G 



Here, M n _i represents the Hardy-Littlewood maximal function on i" 1 . We recall that M n _i 
is a bounded operator from L p (M n_1 ) into itself, for every 1 < p < oo, and from L 1 (M n_1 ) into 
L 1 '°°(M n - 1 ). 

On the other hand, it is known that the maximal operator T™'* defined by 



T™'*{f){x) = sup 

£>0 



mH+(x,y)dy 



\x—y\>e 



, X G 



is bounded from L p (R n , dx) into itself, for every 1 < p < oo, and from L 1 (M n ,(ia;) into 
L 1 '°°(M n ,dx). 
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We denotes by m A ™^ A the positive measure given by A (E) = / TT x 2X] dx, for 

J Ej=1 

every Lebesgue measurable set E. 



Let 7 > 0. We have that, 



m 



it.,A„({- e (0,oo)" : V£ Xl> ... tXn (f)(x) > 7 }) 

= E m i"!...,A„({- e Qj : iS:* Ai ,...,a b (/)(*) > 7l) 

n 

< E H"!...,a b ({* e : T m ^(n(^M) A 7xQ 3 )W > Cj}) 

jez n i=i 

+ A„({^Q,:sup / /(2/) II ( — ) ^,tf)dl/ >C 7 })) 

VL £>0 J Qj\L(x) tJ[\ X lJ J// 

(„ n n \ 

-n^H/^I^MK") +E™il,A„(^ G Qj : M-ifeXi.) > 2*<7 7 } 
7 »=i »=i / 

je^ 71 \ i=l 

n n 

+ E 2(2Ai+1)jim S:. 1 !A i _ 1 ,A i+1 ,... > Aj{^ e I] [2 J! ,2^+ 1 ) : M„_i(/j ii )(xj) > 2*C 7 })) 

i=l /=l,^i 
n ( ™ ™ \ 

Sf E ft.".*, * fw^Kft^,. /eL'((0,oor,f[^*). 

jeZ" i= i i= i j=i 



Hence, T/" c ' Ai An is bounded from ^((0, co) n , J] ^ ^) into £ 1,oo ((0, oo)™, J] A1 so, 

j=i i=i 

if 1 < p < oo, we have 



n^;: Al ,..., A „(.f)r ^ . < Eii T ^A 1 ,..,Aj/)xQjr iP(K n ;dx) n 22Ai " 

/ ir ro '*(n^/^) A 7xQp^)i p ^+^— / iM n _ 1 (/ J - ii )(s i )i p dSi^ n 22A,ji 

•'Qi ;=i »=i •'Qj / i=i 

^ C E i/wi p ^+Ei£* ii/^ii^^-)^)]! 22 ^ 

<ce /- i/(«)i p ^n2 2A "«<qi/ir » 2Aj , /e^«o,<»^ n*f '<**)■ 



* 2A ■ 

It is proved that 7]™' Ai ^ is bounded from L p ((0, oo)™, J| x- 3 dx) into itself, for every 1 < 
p < oo. 
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We now analyze the operator C\ u ... t \ n . Let a > —1/2. From ^ and (37l we deduce that, if 
t,u,v € (0, oo ) and uv jt > 1, 



B 

w 



*?c.> H (I ) v "^v. (=) - 5 (f r w (f ) 

4(a+l/2) 2 -l f 



1/2 



u + u fuv\ 1 / 2 
At 2 

a + 1/2 



t 



1 + 



uv 

2t? 



1 - 







u 2 +v 2 / _ 4(g + l/2) 2 -l f 
4t 2 4 





\ \ uv 



{uv)~ a 
VAiri 



-(u-v) 2 /4t 



(u — v) 2 1 (u — u) 2 



(44) 



4t 2 2t Atuv 

F) l P ("-^) 2 /4t\ 



9t \ 







O 



{U-V? X\ (uv)-<* c _ (u _ v) : 

{uv) 2 J J V4?rt 



/4< 



t 1 / 2 \uv (uv) 2 



By proceeding in a similar way we can see that 
(45) 

-(u-v) 2 /At 



We have that 



/47Tt 



< C(uv)- a - 1 Vie-^- v '> /4t , t,u,« € (0,oo) and — > 1. 



„ n n 

^Ai,...,A„(/) i x )\ < / |/(y)||< A.fs.y)- II(^r A ^(x, v )|ni/f^B 



< / \m\ I w)\ 

JL(x) 



<cJ2 / / 

l=1 Jl(x) Jo 



d_ 
dt 



3=1 



dt 



n 



3=1 



/47Tt 



j = i 

3 # 8 



-(^-%) 2 /4t g ( e -(xt-Vi) 2 /4t 



3=1 



3 = 1 

3 » 



/4?rf 9* 



/4vrf 



n2A 
j/j- 3 dy, x £ (0,oo) 

3=1 



We analyze the operator defined by the first summand. The other ones can be studied similarly. 
It follows that, for each x € (0, oo)", 



4 1 ,...,a„(/)W= / \f(y)\ 

JL(x) 



Y[W t ^(x J ,y J )^-W^(x 1 ,y 1 ) 

3=2 



n '•"3 »3> „ 

e « o 



3 = 1 



< 



L(x) 



\M\ 



3=2 

d 



/Awt dt \ JAttI 



dt Wt{ X i,yi)-{ X ivi)-^ t 



3=1 

_ ( x i-vi) 2 

e 4 * 



(46) 



3 = 1 



L(z) 



5* 



/47ri 



_ (^1 -yiJ 

e 4 * 



/4?rf 



U'l " i.r,.! h ull 

3=2 

rr 

3=2 



/47Tt 



e i* 
J\lrt 



J=*+l 3=1 
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We now use Q, (|5), |37| , and Q to obtain the following 

(9 



4t.,A„(/)(- 



/i(a 



/0 



die « 



/Ant 



xflW^ix^y^dtfly^dy 

3=2 j=i 

-A,-l 



' X1V1 (xm)-^- 1 (*i~vif 
e wt 



Jo 



t l/2 



n 1 3^ 



eft 



j=2 V ^ 



(47) 



7 i=2 \ x j 



_ {^j—yjY 



Jxiyi 

for every a; € (0,oo) Tl . 

Then, the operator Z!^ 1 A is controlled by operators of the following type: 

r 2x! r 2x, I 



dt)\{yf ] dy 



A Al ,...,A n (3)(^) = sup 

t>0 



n 



-2A,-1 



e rot 



2 j=;+i 



lite) A ' x / ' //•//) If //J x dy 



2 3=1 



where < I < n, I G N. For each < Z < n, / € N, A Ai A is bounded operator from 

n 2X " 2A 

L p ((0,oo)™, [[1. 3 da;) into itself, for every 1 < p < 00, and from L 1 ((0,oo)™, 3 dx) into 



)", J| a;. Indeed, let A; € N. We consider the maximal operators 



L 1 ' oo ((0,oo) U1 .., 



^i,...,/3 fc (ff)(») = SU P 
t>0 



/•2a:i p2xk k 



-ft 



e 4t 



where /3j € R, j = 1, . . . , k, and 



M k (g){x) = sup 



(0,oo) fc 



3 b-2/| 2 /4i 
t*/S 



g(y)dy 



-g(y)Y[yjdy 



3=1 



, a; e (0,oo) A 



, a; € (0, oo) fc . 



For every j = (ji, ■ ■ . ,jk) & ^ k we define 

Qj = {y = (tfi, •..,»*)€ (0, c^) fe : 2* < W < 2* +1 , » = !,...,*}, 



2^+ 2 , / 1 k}. 



and 

Qi = {y = (yi,---,yk)e (o, oo) fc : 2*- 1 < Vl < 

Assume that 7 > 0. Since, as it well known, the operator Mk is bounded from -^((O, oo) k , dx) 
into L 1,oo ((0, oo) k , dx), we have 



(fe) 



({x G (0,oo) fc : n 01 _ Pk (g)(x) > A}) = ^ G Qj : 0^,,^ (<?)(*) > A}) 

k 

< £ 2 2 £ ftj ' i m W i0 ( {:c e M fc . Mfedslxg.)^) > C 7 }) 

jEZ h 



C x 2EW 
<- > 2 '=1 
~ 7 ^ 



\g{y)\dy 

<- I \g(y)\f[yf j dy, g e ^((0,00)*,]^^^). 

7 J(0,oo) fc J = 1 J=1 



fc 
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Also, Mk is bounded from L P ((Q, oo) k , dx) into itself, for every 1 < p < oo, and it has 

k k 

k 

<CJ2^ M I \M k (\g\ X Q.)(x)\ p dx 
k 

<C2 2 S/ di f \g(y)\ p dy 

j£Z k J Qi 

<C [ \g(y)\ P Y[yf ] dy, g e L p ((0^) k , Y[xf*dx), 



'(0,oo)* J = 1 

' 2/3, 



and Qp lt ...,p h is bounded from L p ((0,oo) fc , Y[ x, dx) into itself, for every 1 < p < oo 



3=1 



On the other hand, it is not hard to see that, for every k € N and j3j € K, j = 1, . . . , fc, the 
operator Z^ u ___ t p k defined by 

^ 1> ... A ( 5 )( a; ) = n^" 1 / ■••>/ fl(»)n«f^y, xe(o,oo) fc , 

fc 



is bounded from L p ((0, oo) fe , J| x^' dx) into itself, for every 1 < p < oo. 



Then, the _L p -boundedness properties of operators p k and Zp 1 ^_^ k , f3j > —1/2, j = 

1, . . . , k, k S N, allow us, by using pi, Proposition 1], to conclude that, for every m £ N, the oper- 



ator A™ A is bounded from L p ((0 : oo)", Y[ x 2Xj dx) into itself, for every 1 < p < oo, and from 



i=i 



L 1 ((0, oo)", Yl x j 3 dx) into L 1 ' oo ((0, oo)", Yi x j J dx). Hence, the operator C Xi x is bounded 

3=1 3=1 

" 2A " 2A 

from L p ((0, oo)", J| a; J da;) into itself, for every 1 < p < oo, and from i 1 ((0, oo)", Yi x i 3 dx) 

3=1 3=1 

n „, 

into L^°°((0,oo)", ]\xf 3 dx). 

3=1 

For every i = 2, . . . , n, it has 



4t..,A„(/)(*0 

x {%jVj)~ x 



L{x) 



\f{y)\ / (x lVl )-^ 



d_ I e 

di 



i-1 

n 

3=2 



/4?rf 



j=i+l j=l 



(48) 



<C 



l/GOl 



^iVi „ j = l 



4* i-1 



3=1 



n 



i 



j=i+l \ x j 



2A.+1 



-A, 



i-1 



-A,- 
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Then, the operator A can be controlled by operator of type A™ A , m € N. Thus, we 



conclude that C 1 ^ A is bounded from L p ((0, oo)™, Y[ x^ 3 dx) into itself, for every 1 < p < oo, 



2A, 



3=1 

and from ^((O,©©) 11 , 77^ ^) int o L 1 ' 00 ^, oo) n , da 0- 
3=1 j=i 



From the assertions proved in |47| and d48l, i = 2,...,n, we deduce that the operator 



C\ \ is bounded from L p ((0,oo)™, J| x* 3 dx) into itself, for every 1 < p < oo, and from 

1 i ■ ■ ■ ) n J 

3 = 1 



L 1 ((0, oo) n , n Xjdx) into ^^((O, oo) n , ]Jxpdx). 

3 = 1 3=1 



2A 

Thus we conclude that the operator £ai,....a„ is bounded from L p ((0,oo)™, J| x 3 dx) into 



3=1 



itself, for every Kp < oo, and from ^((O.oo)", Y[xf 3 dx) into L 1 ' 00 ^, oo) 71 , I] ^, 



3=1 



3 = 1 



Finally we study the operator C/ A A . It is clear that C/ A A can be decomposed in a sum 
of operators like the following one 



Jo Jo J^±= J°± J2x l + 1 J2x n XX 3 



(49) 



~{Jo "Jo "J% h Xl+l ' -1-2.1, 

= XX M ..,a>)(^ *e(o,oor, 



9{y) K \'l.,„\ n i x i y) II y2 j Xj dy 

3=1 



where < k < I < n, k ^ or I ^ n, and 

JO „•_-, 01 „._„•,, 



3 = 1 3=' ; +l 

for every i = 1, From d5l we deduce that, if a > —1/2 



\W t a (u,v)\ <C 



(uv)- a e- v2 / 16t 



< 



OM-^ (f ) 



1/2 



-t) 2 /16t 



(50) <Cr a -V 2 4e-" / 16i < 



' I,;, C -v 2 /20t ■ '"' 



t,u,v £ (0, oo), — > 1 and 2u < v < oo. 



By Ml and (50 1 we conclude that for a > -1/2 



(51) 



C 



\W t a (u,v)\ < / 20t , (0,oo), and2u<<; 



< oo. 



From (441 it follows, if a > -1/2, 



1 



(52) 



e -« 2 /16t _ e -« 2 /20t uu 

^ C t 3/2 ( 

ww) < C £ Q _|_3/2 ' t,u,v <E (0, oo), > 1 and 2m < v < oo. 



By (37) and (52 1 we get for every a > —1/2 

-v 2 /20t 



(53) 



^{u lV ) 



< C 



fa+3/2 



t,u,v € (0,oo), 2u < V < OO. 
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According to (51) and (53 1 we infer 



<C 



<C 



<C 



oo poo 



2.1'! 



2.1'! 



-Es/J/20t 
e j=1 



\g(y)\ 

JO J2(X j + l/2) + l " 



dt\{vf ] dy 



OO /» OO 



1 



i=i 



OO /"OO 



ls(2/)l x e (0,oo) n and i = 1, ...,n. 



2a;, J2a;„ Ul ■ ■ - Un 



It is not hard to see that, for every fcgN the operator 



OO /"OO 



1 



& G (0,oo) fc , 



2xi J2a; fc V\---Vh 



h 2y9 • 

is bounded from L p ((0, oo) , fja;,- <£r) into itself, for every 1 < p < oo and f3j > —1/2, 



j = l,...,k. 



Hence the operator S?' u '' , is bounded from L p ((0,oo) n , J| x^^dx), for every 1 < p < 

1 ) ■ ■ ■ J ti J 



and i = 1, . . . , n. 



Let ?, fc e N, 1 < i < k, and /3j > —1/2, j — 1, . . . , k. We define the operator / Hfi 1 ,... t p k by 



o 

A' 



/ T\W^{x 3 ,y 3 ) 

Jo , = i 



QjWf'ixuyi) 



By taking into account symmetries, (51), and (53 1, we get that 



|«A,..,/9 fc (fl)(x)| <C 



e 3 - 1 ,,-r-r 2ft- 



\g(y)\ 

Jo E(ft'+l/2)+l i= i 



(54) 



<- 



C 



fe E (A+i/2) J o 



(E^) J=1 



.</;.</; J { n 2 , 'h/. 

3=1 



The operator Hfo p h given by 
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is bounded from L p ((0,oo) fc , fl^/^dx) into itself, for every 1 < p < oo, and from L 1 ((0,oo) fe , 

3=1 

h h 

Q X: 3 dx) into L ,oo ((0,oo) , J| x- dx). Indeed, assume that 7 > 0. We have 

3=1 3=1 



mg...,^ G (0,oo) fc : \H Pl _ Pk (g)(x)\ > 7}) 



— pi,---,Pk 



(jxe (0,oo) fc : Vx* < fc > =1 }) 



3=1 



<mi?,.. A ({« e (0,00)' : < < ( I|| 9 |l ii((o ^ , ) < E '™' + " , j = 1, . . . , *}) 



<-||fl|| k WJ , fl €L 1 ((0 ) oo)*,n^4=)- 

7 L 1 ((0,oo) f ",n a; - i J 

3=1 3 3-1 



Hence, 77 /3l a is bounded from L 1 ((0, oo) fc , fl^/'dx) into L 1 ' oo ((0, oo) fc , f[ x^dx). 

3=1 3=1 

On the other hand, we can write 



1 f Xl 1 f X2 1 /" :Cfe fe 

H Pu ... A {g){x)<^^ i -^+1 ■■■^h+I \9(y)\Y[y] 3 dy, x € (0,oo 

X-^ Jo X 2 ^fc j=l 



Since, as it is well known, the Hardy type operator Hp given by, for every /3 > —1/2, 



Hp(g)(x) = j g(y)y 20 dy, x e (0,oo), 







is bounded from L p ((0, 00), x 2 @dx) into itself, for every 1 < p < 00 (see [SI), from [U Proposi- 
tion 1] we deduce thi 
for every 1 < p < 00. 



tion 1] we deduce that Ha 1 g k is a bounded operator from L p ((0, 00) , Y\x ■ dx) into itself, 

3=1 



Then, from (541 we infer that the operator T-Lp 1 a. is bounded from L p ((0, 00) , Y[ x, dx) 

3=1 

into itself, for every 1 < p < 00, and from L 1 ((0,oo) fc , J| x^ dx) into L ,OIO ((0, 00) , f| x dx). 

3=1 3=1 

™ 2A 

Also, '\ is bounded from L p ((0,oo)", J| x J dx) into itself, for every 1 < p < 00, and 

3=1 

from i 1 ((0, oo) n , f| x ■ J dx) into L 1,oo ((0, oo) n , Y[ x j 3 dx), for every i = 1, . . . , n. 
3=1 3=1 



28 J.J. BETANCOR, A.J. CASTRO, AND J. CURBELO 

Assume that 1 < i < k < n. By using (51 1 and (53 1 we have that 



^k,k,i 



A,,...,A. 



(5)0*0 



<c 



<c 



J2x k + 1 J 2x n JO 



E J/?)/20t 



-dt\g(y)\T[ypdy 



oo 3 = i 



E ^j/20t 



-r/f 



J0 E(Aj + l/2) + l -/2x fe+ i ./2a;,, y 2X i +1 j = 1 

t 3 = 1 j=k+l J 



<c 



\g(y)\ 

7 = 1 



-dy n . . . dy k +i 



n2A ■ 
y 3 J dy k ...d yi , x£ (0,oo) n . 

3=1 



According to jU Proposition 1] and by taken into account the L p -boundedness properties of 
the operator Hx 1> ,.. t \ k and S n ~k we conclude that the operator S^' 1 x is bounded from 

n 2X ™ 2A 

L p ((0,oo) Tl . Y[ x i 3 dx) into itself, for every 1 < p < oo, and from L 1 ((0,oo)™, Yi x i 3 dx) into 

3=1 ' 3 = 1 

n o\ 

l i ' oo ((o ) oo)", 

In a similar way we can see that ifO<fc<i<rt the operator S^J A is bounded from 



L p ((0,oo)™, [ji 3 cfa;) into itself, for every 1 < p < oo, and from L 1 ((0,oo)™, Yi x i 3 dx) into 

3=1 3=1 



L 1 i°°((0,oo) n , Ux, 'dx). 

3 = 1 



Let 1 < i < k < n. By using (EJ, ([5]), ([FT]) and ([53]), we get 



5' 



Ai,...,A. 



<c 



E^ 2 /20t 



E (A J +l/2) + l 
P =1 



(55) 



>< n 

j=fe+i 



1 _ A e -(^'-w) 2 /4t\ 



)dt\g{y)\\[yf 3 dy, x G (0,oo)' 
/ j'=i 



Suppose that k < I < n, I e N, and define 



a x fc „ „ -(E<+ E (x 3 -^)^)/20i 

* ,,<^> - r ■ • • r c; ^ ■ ^ /:; r — - 





/ 

X 



E (A J +l/2) + l + (;-fe)/2 

p =1 



I n 1 n 

II 0^)"^ II ^x j +x9{y)J{yT s dy, x€(p,oo)' 



■j = k+l ]=l + l X j 3 = 1 
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We have that, for each x € (0, oo) n , 



\§ll,...,\ n (9)(x 



^ ~° Jo "Jo i^±i 'A 



K-2 



/ 



(56) 



n2Aj-+l ./ "»+! 



2x M 



£ (Aj+l/2)+(i-fe)/2 

(E* 2 + E 



]~I y 2 j Xl dy n . . . dyi +1 J\_y] X3 dyi . . . dy x 



7 



Assume that r, s £ N, < K r, and > — 1/2, j = 1, . . . , r. We consider the operator 



j=s+l 



(E* 2 + E 



£ (A 3 +l/2) + (r- S )/2 



j=l j=s+l 



3(2/) n y 2 Aj rfy, ^ e (o, oo) r . 



By proceeding as in the proof of Case 3 in [TS] we can see that the operator YS g is bounded 

from L 1 ((0, oo) r , f\ x 2 f 3 dx) into L 1,oo ((0, oo) r , f\ x 2 ^ 1 dx). Since the operator Z\ x \ is bounded 

i=i 3=1 



from i 1 ((0, oo) r , Jlx^cfc) into itself, by [U Proposition 1], we deduce from (56 1 that the op 



3=1 



erator S A ' A is bounded from L 1 ((0, cx)) n , Yi x i 3 dx) into L 1 ' oo ((0, 00)™, Yl x i J dx). 

1 5 • • •) n J J 

j=i 3=1 



On the other hand we also have that 



®xL,x n (9)(x)\<C 



I> 2 /20t 



-dt 



1 



J0 E(Aj + l/2) + l 
#=1 



2xh 



n 



sup 

t>0 J^±i 



2a;, I 



I 



II Aj " /I 1^(2/) I II y] 3 dyi . . . dy k+1 

f j=k+l * 3=k+l 



II Vj 3 dy n . . . dyi +1 \Yi y 3 ' d yi ■ ■ ■ dy k 

3=1 



<C- 



3=1+1 
1 



Eh 



2A.,+1 Jo 



(I 



n 



2Aj+l J x t+i 



2x, 



2.i;„ 



sup 

^ \ i>0i'W 



2.T, 



n (^jfj)" 



e -(^-yj) 2 /4t 



2A^ 



\g{v) I II y i Aj dy/ ■ ■ ■ ^ fe + 1 I! • ■ • d f '+ 1 



J'=fe+1 



x rd yi ...dy k , x€(0,oo) n , 

3 = 1 



According to the L p -boundedness properties of the operators Q^,...,^, Zp lt ,..^ r , and Hp^„, : p r , 
f3j > —1/2, j = l,...,r, and r € N, by using [U Proposition 1], we obtain that S^' A is 



:S0 
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2A ■ 

bounded from L p ((0,oo)™, JJx, 3 dx) into itself, for every 1 < p < oo. 



'Ai,...,A„ 



We conclude that S1 ,n ' 1 x is bounded from L p ((0, oo)", Yi x i 3 dx) into itself, for every 

3=1 

" 2A " 2A 

1 < p < oo, and from L 1 ((0,oo)™, JJx, 1 dx) into L 1 ' oo ((0, oo)™, JJx, 3 dx), provided that 



1 < i < k < n. 



3 = 1 



3 = 1 



From (|37} and (|44| we get for a > -1/2 
(57) 



d 



dt 



W t a (u,v) 



< C (uv)- a - 



£3/2 ' £a+3/2 J 

Suppose now that 1 < k < i < n. By using Q, §5§, ( [51] ) and (57 1 we obtain 

-i> 3 2 /2ot 



t,u,v € (0, oo). 



5' 



Ai,...,A„ 



<c 



2x k + 1 
fc+l 



£ (A 3 +l/2) 



n 



j=k+l,j& \ X 3 



1 e (Xj-Vi)/10t 

T + (x jyj ) ^ 



2Aj + 



(^2/i)" 



-(a 4 - ! / i ) 2 /10< 



fAi+3/2 



+ 



< c 



>< n 



Uls(y)in^ ^ 



2a;fc + i 
fc+l 



£ (A J + l/2) + l 



1 e (^-w)7iot 



2A,+ 



dt|5(l/)l]Ivf id »' *e(0,oo) n . 
i=i 



Then, as above, S^"' 1 A is bounded from L p ((0, oo)", J| x 2 ^ 3 dx) into itself, for every 1 < p < oo, 

3 = 1 

and from ^((0, oo)", \[x* Hx) into L^°°((0, oo) n , \[x. 3 dx), when 1 < k < i < n. 

3=1 3=1 

By proceeding in a similar way we can see that the operator S^' 1 A is bounded from 



L p ((0,oo)", Y\x 2X3 dx) into itself, for every 1 < p < oo, and from L 1 ((0,oo)", Yix^'dx) into 



2A, 



3 = 1 



3 = 1 



L 1 - oc {{0,oo) n 7 Hxf'dx), when < k < I < n, and i = 1, 



3 = 1 



By (|49j) we conclude that < fc < I < n, k ^ or I ^ n, is bounded from 



L p ((0,oo)", Y[ dx) into itself, for every 1 < p < oo, and from L 1 ((0,oo)", Y\x z j A3 dx) into 



2A, 



3=1 



3 = 1 



L 1,oo ((0, oo)", Y[ x 2 ^ 3 dx). Then, the operator (?Ai,...,A„ nas the same L p -boundedness properties. 



3 = 1 



From (40 1 it follows that the maximal operator y™'* A is bounded from L p ((0, oo)", FJa;^ 

i=i 

™ 2A " 2A 

into itself, for every 1 < p < oo, and from L 1 ((0, oo)", Y[ x i 3 dx) into L 1,oo ((0, oo)", Yi x i J dx). 

3=1 3=1 

Thus the proof of this proposition is completed. □ 
From Proposition |2.2| we can deduce by using standard arguments the following result. 
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Proposition 2.3. Let \ 3 > -1/2, j = 1,. . . ,n. For every f € L p ((0,oo)™, Y[ Xj 3 dx), l<p< 



oo, the limit 



2.2 



Moreover, 



J = l 

« n 

lim , / f(y) K \ u ...,\S x >y) T[yT jd y> 

exists, for almost all x £ (0, oo)™. iff , (x, y) is defined as in Proposition 
the operator T™ A defined by 

ni,...,^ (/)(*) = i™ / /(y)< xS^v) II v?' d w> a - e - 1 e (O' 00 )"' 

is bounded from L p ((0, oo)™, x ■ 3 dx) into itself, for every 1 <p < oo, and from L 1 ((0,oo)™, 



J dx) into L 1 > oo ((0, oo)™, n^ ^x). 
1 i i=i 



2A 

Since C£°((0, oo)™) is a dense subspace of L p ((0, oo)™, J| x ■ 3 dx), 1 < p < oo, it follow that, 

3 = 1 

for every / e L 2 ((0,oo)™, J| x- 3 dx), 

« n 

K,... M {f)(x) = - lim ( / /(^....^(^l/JlI^^W/W)' a ' e - ^ e (0,oo 

£->0+ VJ(o >00 )», |x-«|>s J = 1 7 

™ 2A 

where a is a bounded function on (0, oo), and A can be extended from L 2 ((0, oo)™, x^- 3 dx) 

3 = 1 

™ 9X ™ 9X 

f|i p ((0,oo)", to i p ((0,oo)™, Y[x- 3 dx) as a bounded operator from £*>(({), oo) n , 

™ 2A " 2A 

[7 x J dx) into itself, for every 1 < p < oo, and from L 1 ((0, oo)™, J| x - 3 dx) into L 1,oo ((0, oo)™, 

3 = 1 ' ./ I 

™ 2A 

f[ a;,- 3 dx). 

3 = 1 



The proof of Theorem |1.1| is finished. 
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